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Abstract
Harnack inequalities are established for a class of generalized Mehler semigroups, which in
particular imply upper bound estimates for the transition density. Moreover, Poincare´ and
log-Sobolev inequalities are proved in terms of estimates for the square ﬁeld operators.
Furthermore, under a condition, well-known in the Gaussian case, we prove that generalized
Mehler semigroups are strong Feller. The results are illustrated by concrete examples. In
particular, we show that a generalized Mehler semigroup with an a-stable part is not
hyperbounded but exponentially ergodic, and that the log-Sobolev constant obtained by our
method in the special Gaussian case can be sharper than the one following from the usual
curvature condition. Moreover, a Harnack inequality is established for the generalized Mehler
semigroup associated with the Dirichlet heat semigroup on ð0; 1Þ: We also prove that this
semigroup is not hyperbounded.
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1. Introduction and main results
Harnack and functional inequalities for the transition semigroup Pt of Ornstein–
Uhlenbeck processes on inﬁnite dimensional (e.g. separable Hilbert) spaces E; i.e.
solution to stochastic differential equations of type
dXt ¼ AXtdt þ dWt
(where A : E-E is a linear operator generating a C0-semigroup Tt :¼ etA; tX0; on E
and ðWtÞtX0 is an E-valued Brownian motion), have been studied quite intensively in
the literature (cf. e.g. [1,2,4,5,10,13,16,17] and references therein). The dimension-
free Harnack inequality introduced in [25] and the Poincare´ or log-Sobolev
inequalities have been established on L2ðE; mÞ; where m is a symmetrizing or merely
invariant probability measure for Pt: The fact that Pt may have an invariant measure
makes Ornstein–Uhlenbeck processes in many respects better reference processes in
inﬁnite dimensions than Brownian motion (cf. [11]). This holds at least, if one wants
to analyze diffusions. If one is interested in merely cadlag processes in inﬁnite
dimensions, i.e. if one wants to allow possible jumps for the trajectories (which occur
naturally in models described by a partial differential equations perturbed by a
pulsating random force), suitable corresponding reference processes are processes
solving stochastic differential equations of type
dXt ¼ AXtdt þ dYt;
where now ðYtÞtX0 is a Levy process on E (i.e. has stationary independent increments
and starts at zero), completely determined by a respective negative deﬁnite function
l : E-C: Their corresponding transition semigroups Pt have the explicit form (1.1)
below (determined by Tt and l) and are called generalized Mehler semigroups. They
as well admit invariant probability measures in many cases and are thus of high
interest. They have been studied in several papers [8,9,12,13,20,21]. In particular, in
[20] the corresponding generators have been identiﬁed as pseudo-differential
operators on E with explicit symbols. So, in case of jumps they might serve as
reference operators in inﬁnite dimensions instead of a Laplacian or a local Ornstein–
Uhlenbeck operator. Hence, both from a probabilistic and an analytic point of view,
there is motivation to analyze generalized Mehler semigroups, especially also in
inﬁnite dimensions.
The present paper is devoted to prove Harnack and functional inequalities
(as Poincare´ and log-Sobolev inequalities) for such generalized Mehler semigroups.
The main results rely in part on their explicit (algebraically beautiful) form (1.1)
below and on an explicit formula for the square ﬁeld operators of Pt which was
recently proved in [21] (cf. (1.9) below). Below we summarize our results and
applications (including stochastic heat equations with Levy noise) precisely. To keep
preliminaries to a minimum, from now on we do not refer to inﬁnite dimensional
processes solving the above stochastic equations, but deﬁne Pt independently just in
terms of Tt and a negative deﬁnite function l : E-C:
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Let E be a (real) separable Hilbert space with inner product /; S; norm jj  jj; and
Borel s-ﬁeld BðEÞ: Let ðTtÞtX0 be a C0-(i.e., strongly continuous) semigroup of
bounded linear operators on E generated by A: Throughout the paper, we identify E
with its dual space. Let ðmtÞtX0 be a family of probability measures on E satisfying
mtþs ¼ ðmt3T1s Þ  ms for all s; tX0:
Let BbðEÞ denote the set of all bounded measurable real-valued functions on E:
Then the generalized Mehler semigroup associated with Tt and mt is given by (see [8]
for details)
Pt f ðxÞ ¼
Z
E
f ðTtx þ yÞmtðdyÞ; fABbðEÞ; xAE: ð1:1Þ
It is shown in [8] that, up to some regularity conditions, the characteristic function of
mt must have the form
#mtðxÞ :¼ exp 
Z t
0
lðTs xÞds
 
; xAE; t40; ð1:2Þ
where Ts denotes the adjoint operator of Ts and l is a negative deﬁnite function (or
equivalently el is positive deﬁnite) on E with lð0Þ ¼ 0: We refer to [8,12,14,20,21]
for the background literature and further known results on generalized Mehler
semigroups.
In this paper apart from Section 4 we consider the case where l is Sazonov-
continuous (cf. e.g. [24]). But the main results can also be applied to the non-
Sazonov-continuous case via an approximation procedure as made in Section 4
below. By the Sazonov-continuity, l has a unique Levy–Khinchin representation
(see e.g. [22, Theorem VI.4.10])
lðxÞ ¼ i/x; aSþ 1
2
/x; RxS
Z
E
ei/x;xS  1 i/x; xS
1þ jjxjj2
 !
MðdxÞ; xAE; ð1:3Þ
where aAE; R is a symmetric trace class operator on E; and M is a Levy measure on
BðEÞ; i.e. Mðf0gÞ ¼ 0 and R
E
ð14jjxjj2ÞMðdxÞoN:
As mentioned above we aim to establish Harnack and functional inequalities for
Pt: Since E can be inﬁnite-dimensional, it turns out that the Li–Yau-type Harnack
inequality involving dimensions does not work. Therefore, we follow the line of [25]
to establish a dimension-free Harnack inequality. To this end, we exploit an explicit
formula for the underlying square ﬁeld operators obtained recently in [21,
Proposition 4.1]. Thus, we make use of the following assumptions made in [20,21].
ðH1Þ Pt has an invariant probability measure m:
ðH2Þ There exists ðxnÞnX1CE consisting of eigenvectors of A and separating the
points of E:
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Assumption ðH2Þ holds if, in particular, A is self-adjoint with compact resolvent.
Assumption ðH1Þ holds provided the following (stronger) condition holds (see [14,
Theorem 3.1])
ðH10Þ: (i) Ttx-0 as t-N for all xAE;
(ii) sup
t40
TrðR t0 TsRTs dsÞoN;
(iii)
RN
0 ds
R
E
ð14jjTsxjj2ÞMðdxÞoN;
(iv) aN :¼ limt-N f
R t
0 Tsa ds þ
R t
0 ds
R
E
Tsx
1
1þjjTsxjj2 
1
1þjjxjj2
 
MðdxÞg exists.
In this case Pt has a unique invariant probability measure m with characteristic
function #mðxÞ :¼ elNðxÞ; where lN is given by (1.1) with aN; RN :¼
RN
0 TsRT

s ds
and MN :¼
RN
0 M3T
1
s ds replacing a; R and M; respectively. Indeed, for any
fACbðEÞ and any xAE one has Pt f ðxÞ-mð f Þ as t-N (cf. the proof of
[13, Theorem 3.1]).
Let
rðx; yÞ :¼ inffjjzjj : zAðR
1=2Þ1ðx  yÞg; if x  yAR1=2E;
N; otherwise:
(
In fact, there exists an alternative deﬁnition of rðx; yÞ: Let G be the orthogonal
complement of Ker R1=2; and let S :¼ R1=2jG : G-R1=2G ¼: H0: Then S is a
continuous isomorphism (see [21]) and ðH0;/; SH0Þ is a Hilbert space with
/v; wSH0 :¼ /S1v; S1wS for v; wAH0: It is clear that rðx; yÞ ¼ jjx  yjjH0 :¼
/x  y; x  yS1=2H0 if x  yAH0:
We shall use the following two conditions.
ðH3Þ TtRECR1=2E and there is a strictly positive h1AC½0;NÞ such that
jjTtRxjjH0p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1ðtÞ
p
jjRxjjH0 xAE; tX0:
ðH4Þ There is a strictly positive h2AC½0;NÞ such that M3T1t ph2ðtÞM (i.e.
h2ðtÞM  M3T1t is a positive measure), tX0:
Remark. We emphasize that a priori there is absolutely no relation between the two
quantities l and Tt determining the generalized Mehler semigroup Pt: So, both ðH3Þ
and ðH4Þ are compatibility conditions between l and T ; more precisely,
compatibility of R; the Gaussian part of l and Tt in case of ðH3Þ and M; the
Levy measure of l; and Tt in case of ðH4Þ: We also note that ðH3Þ is of course
nothing but a nondegeneracy and a continuity condition of Tt with respect to R: We
do not think that our results below can be proved without any compatibility
conditions of such type.
ARTICLE IN PRESS
M. R .ockner, F.-Y. Wang / Journal of Functional Analysis 203 (2003) 237–261240
Our ﬁrst main result is the following.
Theorem 1.1. Assume ðH2Þ and ðH3Þ: Then
jPt f ðxÞj2p½Pt f 2ðyÞexp rðx; yÞ
2R t
0 h1ðsÞ1ds
" #
; fACbðEÞ; x; yAE; t40: ð1:4Þ
If in particular M ¼ 0; then for any p41 and any fACbðEÞ;
jPt f ðxÞjpp½Ptj f jpðyÞ exp prðx; yÞ
2
2ð p  1Þ R t0 h1ðsÞ1ds
" #
; x; yAE; t40: ð1:5Þ
Corollary 1.2. Assume ðH1Þ; ðH2Þ and ðH3Þ: Assume further that
TtECR
1=2
t E; t40; ð1:6Þ
where Rt :¼
R t
0 TsRT

s ds: Let jj  jjp denote the norm in LpðmÞ: Then:
(1) Pt is strong Feller, in particular, Ptðx; dyÞ has a density ptðx; yÞ w.r.t. m for
xAsupp m (where as usual supp m is the smallest closed set in E whose complement has
m-measure zero). Furthermore, (1.4) (resp. (1.5) if M ¼ 0) holds for all fABbðEÞ and
one has
jjptðx; Þjj2p
Z
E
exp  rðx; yÞ
2R t
0
h1ðsÞ1ds
" #
mðdyÞ
( )1=2
; xAsupp m; t40; ð1:7Þ
where as usual we set 1
0
:¼N; so the right-hand side is equal toN if mðx þ H0Þ ¼ 0: If
in particular M ¼ 0; then for any p; p041 with p1 þ p01 ¼ 1;
jjptðx; Þjjp0p
Z
E
exp  prðx; yÞ
2
2ð p  1Þ R t
0
h1ðsÞ1ds
" #
mðdyÞ
( )1=p
; xAE; t40: ð1:8Þ
(2) If there exists t40 such that TtR1=2E is dense in E; then supp m ¼ E and m is the
unique invariant probability measure of Pt:
Remark. (i) It has been proved in [28] (see also [11]) that when M ¼ 0; (1.6) is
equivalent to the strong Feller property of Pt: For examples where (1.6) holds if E is
inﬁnite dimensional we refer to [11].
(ii) By deﬁnition H0 corresponds to the Cameron–Martin space of the Gaussian
part of ðYtÞtX0 (or equivalently l), so if dim E ¼N; then H0kE and rðx; yÞ ¼N
for x  yAE\H0: As a consequence, Theorem 1.1 and Corollary 1.2 tell us nothing
e.g. in the pure jump case where R ¼ 0: So, our results in Theorem 1.1 and Corollary
1.2 are of a perturbative type, more precisely, we can only handle perturbations of
the Gaussian case. On the other hand, these perturbations are analytically highly not
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standard and (because of (1.9) below) absolutely no condition on the Levy measure
M is necessary. Theorem 1.1 and Corollary 1.2 are very useful for the analysis of Pt;
when the invariant measure m is supported by H0 for which there are plenty of
examples in inﬁnite dimensions (cf. Section 4 below, in particular, the ﬁnal remark).
In such a case the analysis of Pt can be done entirely on H0: This is due to the fact
that Tt is regularizing in these situations.
To prove the Harnack inequality (1.4), we need an estimate for the square ﬁeld
operator of Pt; obtained in Lemma 2.1 below. This extends known gradient
estimates of diffusion semigroups on manifolds.
Let us recall the formula for the square ﬁeld operator obtained in [21]. Let W0 be
the space of functions f of the form
f ðxÞ ¼ Fð/x1; xS;y;/xm; xSÞ; xAE;
for some mX1 and FASðRm;CÞ (i.e. the Schwartz space of complex-valued
functions, ‘‘rapidly decreasing’’ at inﬁnity as well as their derivatives). Let W be the
real-valued elements of W0: Then W is dense in L
pðmÞ for any pX1 and is a core of
DðLÞ; the L2ðmÞ-domain of the generator L of Pt; see [20]. Moreover, according to
[21, Proposition 4.1], for any fAW ;
Gð f ; f Þ :¼ Lf 2  2fLf ¼ /RDf ; DfSþ
Z
E
½ f ðÞ  f ð þ yÞ2MðdyÞ; ð1:9Þ
where Df denotes the Fre´chet derivative of f : Note that by [20, Theorem 1.1(i)],
Gð f ; f ÞACbðEÞ for fAW :
As another application of our estimate for the square ﬁeld operator, we have the
following Poincare´ and log-Sobolev inequalities.
Theorem 1.3. Assume ðH1Þ; ðH2Þ; ðH3Þ and ðH4Þ: Then for CðtÞ :¼ ð
R t
0 h1ðsÞdsÞ3
ðR t0 h2ðsÞdsÞ; where h1 :¼ 0 if R ¼ 0;
Pt f
2  ðPt f Þ2pCðtÞPtGð f ; f Þ; t40; fAW : ð1:10Þ
If in particular M ¼ 0; then
Ptð f 2 log f 2Þ  ðPt f 2Þ log Pt f 2p 2
Z t
0
h1ðsÞds
 
PtGð f ; f Þ; t40; fAW : ð1:11Þ
When Ma0 it is not clear how one can prove inequality (1.11). Its proof presented
in this paper is based on Bakry’s argument depending on the diffusion property.
In applications one can often check the following condition which is a stronger
variant of ðH10Þ:
ðHe1Þ (i), (ii) and (iii) in ðH10Þ hold and the limit in (iv) exists with MðdxÞ replaced
by MeðdxÞ :¼ 1fa : epjjajjp1=egðxÞMðdxÞ for any eA½0; 1:
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Corollary 1.4. Assume that ðH10Þ; ðH2Þ; ðH3Þ and ðH4Þ hold.
(1) If CðNÞoN; then
mð f 2Þ  mð f Þ2pCðNÞmðGð f ; f ÞÞ; fAW :
If moreover ðHe1Þ holds, then
mððPt f  mð f ÞÞ2Þpe2t=CðNÞmðð f 2  mð f ÞÞ2Þ; tX0; fAL2ðmÞ: ð1:12Þ
If in particular M ¼ 0; then
mð f 2 log f 2Þp 2
Z N
0
h1ðtÞ dt
 
mðGð f ; f ÞÞ; fAW ; mð f 2Þ ¼ 1:
(2) If M ¼ 0 and there exists t40 such that jjR1=2N TtR1=2N jj2 :¼ eto1; then
mð f 2 log f 2Þp 2
1 et
Z t
0
h1ðsÞds
 
mðGð f ; f ÞÞ; fAW ; mð f 2Þ ¼ 1:
Consequently, if in addition (1.6) holds, then Pt is compact in L
pðmÞ for all t40 and
hence the Lp-essential spectrum of L is empty.
For applications of Corollary 1.4 we refer to Example 3.1 below. Finally, we
formulate a result on the Harnack inequality relying on conditions on mt and Tt only
without referring to R and M: This result mainly applies in ﬁnite-dimensional cases,
cf. Examples 3.2 and 3.3 below.
Theorem 1.5. Let t40: If for some xAE the measure mt 3 y
1
Ttx
is absolutely continuous
with respect to mt; where yxðyÞ :¼ x þ y; yAE; we define
Ztðx; zÞ :¼
dmt3y
1
Ttx
dmt
ðzÞ; zAE;
and Ztðx; Þ :¼N otherwise. Furthermore, for xAE and p0Að1;N we set
Ft;p0 ðxÞ :¼ jjZtðx; ÞjjLp0 ðmtÞ: ð1:13Þ
Then
jPt f ðxÞjppPtj f jpðyÞFt;p0 ðx  yÞp for all fABbðEÞ; x; yAE; ð1:14Þ
where pA½1;NÞ such that p1 þ p01 ¼ 1: Finally, set
Cðt; p0; eÞ :¼
Z
E
mðdxÞ
½R Ft;p0 ðx  yÞpmðdyÞ1þe; ð1:15Þ
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where as usual 1N :¼ 0 and 10 :¼N: Then we have
jjPtjjp-ð1þeÞppCðt; p0; eÞ1=ð1þeÞp: ð1:16Þ
Inequality (1.14) is an easy direct consequence of the explicit expression of Pt as
already realized by Kusuoka (see page 270 in the pioneering paper [19]) for the
classical Mehler formula, i.e. in a Gaussian case.
Proposition 1.6. Consider the situation of Theorem 1.5. If Cðt; p0; 0ÞoN for some
t40 and p0Að1;N; then Ps is compact on LpðmÞ for any s4t:
The above results are proved in the next section and are illustrated by some
examples presented in Section 3: Example 3.1 contains some inﬁnite-dimensional
models with Poincare´ and log-Sobolev inequalities; Example 3.2 shows that the
generalized Mehler semigroups determined by a-stable measures are not hyper-
bounded, but satisfy a Poincare´ inequality and a Harnack-type inequality; a class of
hyperbounded non-Gaussian semigroups are presented in Example 3.3; furthermore
it is shown in Example 3.4 that the log-Sobolev constant given in Corollary 1.4 can
be sharper than the one obtained using the usual curvature condition. Finally, the
generalized Mehler semigroup on E :¼ L2ðð0; 1Þ; dxÞ associated with the Dirichlet
heat semigroup Tt :¼ eDt on ð0; 1Þ is studied in Section 4. We prove that this
semigroup satisﬁes a Harnack inequality, but is not hyperbounded.
2. Proofs
To prove Theorem 1.1, we need the following two lemmas.
Lemma 2.1. (1) If ðH3Þ holds and PtWCW for all t40; then
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDPt f ; DPt fS
p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1ðtÞ
p
Pt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDf ; DfS
p
; tX0; fAW : ð2:1Þ
(2) If ðH4Þ holds, then for any tX0; fAW and xAE;
Z
E
½Pt f ðx þ yÞ  Pt f ðxÞ2MðdyÞph2ðtÞPt
Z
E
½ f ð þ yÞ  f ðÞ2MðdyÞ
 
ðxÞ: ð2:2Þ
Proof. Let fAW ; t40: It is easy to see that jjDf jj is bounded, hence because
Pt fAW we conclude by Lebesgue’s dominated convergence theorem that for all
x; zAE
/DPt f ðxÞ; zS ¼
Z
/Df ðTtx þ yÞ; TtzSmtðdyÞ ¼ Ptð/Df ðÞ; TtzSÞðxÞ:
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Hence, since by assumption TtRECR1=2E; we obtain that
/Rz; DPt fSpPtðjjR1=2Df jj  jjS1TtRzjjÞp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1ðtÞ/z; RzS
p
Pt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDf ; DfS
p
:
Choosing z :¼ DPt f ðxÞ; xAE; the ﬁrst assertion follows.
Next, we have
Z
E
½Pt f ðx þ yÞ  Pt f ðxÞ2MðdyÞ
¼
Z
E
Z
E
½ f ðTtx þ Tty þ zÞ  f ðTtx þ zÞmtðdzÞ
 2
MðdyÞ
p
Z
EE
½ f ðTtx þ y þ zÞ  f ðTtx þ zÞ2mtðdzÞðM3T1t ÞðdyÞ
ph2ðtÞPt
Z
E
½ f ð þ yÞ  f ðÞ2MðdyÞ
 
ðxÞ:
Hence (2.2) holds. &
Lemma 2.2. If there exists pA½1;NÞ and a measurable function F : E  E-ð0;NÞ
such that
jPt f ðxÞjpp½Ptj f jpðyÞFðx; yÞ; x; yAE; fABbðEÞ: ð2:3Þ
Then Pt has transition density ptðx; yÞ w.r.t. m satisfying
jjptðx; Þjjp0p
Z
E
mðdyÞ
Fðx; yÞ
 1=p
; xAE; ð2:4Þ
where p0 :¼ p
p1:
Proof. Let xAE be ﬁxed. For any AABðEÞ with mðAÞ ¼ 0; (2.3) yields that
ðmt 3 y1TtxðAÞÞpp½Pt1AðyÞFðx; yÞ:
Then
ðmt 3 y1TtxðAÞÞ
p
Z
E
mðdyÞ
Fðx; yÞp
Z
E
½Pt1AðyÞmðdyÞ ¼ mðAÞ ¼ 0:
Therefore, Pt1AðxÞ ¼ mt 3 y1TtxðAÞ ¼ 0 and hence mt3y1Ttx is absolutely continuous
w.r.t. m: Let ptðx; Þ denote the Radon–Nikodym derivative. Dividing (2.3) by Fðx; yÞ
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and integrating with respect to mðdyÞ we thus obtain by ðH1Þ for all fABbðEÞ
/ptðx; Þ; fSL2ðmÞpjj f jjp
Z
E
mðdyÞ
Fðx; yÞ
 1=p
:
Thus, jjptðx; Þjjp0pf
R
E
Fðx; yÞ1mðdyÞg1=p: &
Proof of Theorem 1.1. We ﬁrst prove (1.4) for nonnegative fAW : For eAð0; 1Þ; let
P
ðeÞ
t be the generalized Mehler semigroup determined by Tt and le; where le is given
by (1.3) with M replaced by
MeðdxÞ :¼ 1fa:epjjajjp1=egðxÞMðdxÞ:
We note that for all results from [20] used below the assumption ðH1Þ (although
stated in [20, Theorem 1.3]) was not used in their proofs. By [20, Theorem 1.3(i) and
Proposition 3.3] one has Pt;eWCW for any tX0: For xay with rðx; yÞoN; by (2.1)
/DPðeÞtsðPðeÞs f Þ2; y  xS
¼ inf
zAðR1=2Þ1ðxyÞ
/DPðeÞtsðPðeÞs f Þ2; R1=2zS
prðx; yÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDPðeÞtsðPðeÞs f Þ2; DPðeÞtsðPðeÞs f Þ2S
q
p2rðx; yÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1ðt  sÞ
p
P
ðeÞ
tsfðPðeÞs f Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDPðeÞs f ; DP
ðeÞ
s fS
q
g: ð2:5Þ
Let
xs :¼ x þ
ðy  xÞ R s0 h1ðt  uÞ1duR t
0
h1ðuÞ1du
;
fðsÞ :¼ log PðeÞtsðPðeÞs f þ eÞ2ðxsÞ; sA½0; t:
It follows from [20, Theorem 1.1(ii)], (1.9) and (2.5) that
d
ds
fðsÞ ¼
PðeÞtsGðPðeÞs f ; PðeÞs f ÞðxsÞ þ 1
h1ðtsÞ
R t
0
h1ðuÞ1du
/DPðeÞtsðPðeÞs f þ eÞ2ðxsÞ; y  xS
P
ðeÞ
tsðPðeÞs f þ eÞ2ðxsÞ
p 1
P
ðeÞ
tsðPðeÞs f þ eÞ2ðxsÞ
P
ðeÞ
ts ðPðeÞs f þ eÞ2 g þ
2rðx; yÞ ﬃﬃﬃgp
h1ðt  sÞ1=2
R t
0 h1ðuÞ1du
" #( )
ðxsÞ
p rðx; yÞ
2
h1ðt  sÞð
R t
0 h1ðuÞ1duÞ2
; sA½0; t;
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where
g :¼ /RDP
ðeÞ
s f ; DP
ðeÞ
s fS
ðPðeÞs f þ eÞ2
:
Therefore, we obtain
fðtÞpfð0Þ þ rðx; yÞ
2R t
0 h1ðuÞ1du
:
Hence
ðPðeÞt f þ eÞ2ðyÞp½PðeÞt ð f þ eÞ2ðxÞ exp
rðx; yÞ2R t
0 h1ðuÞ1du
" #
:
According to [20, Corollary 3.5], one has P
ðeÞ
t f-Pt f uniformly as e-0 for any
fAW ; therefore (1.4) follows by letting ek0:
For general fAW and any nX1; let hnACNðRÞ such that 0phnðrÞpjrj; hnðrÞ ¼ 0
for jrjp1
n
; and hnðrÞ ¼ jrj for jrjX2n: Then hnð f ÞAW : Applying (1.4) for hnð f Þ in
place of f then letting n-N; we arrive at
ðPtj f jÞ2ðyÞp½Pt f 2ðxÞ exp rðx; yÞ
2R t
0 h1ðuÞ1du
" #
:
This implies (1.4) for fAW :
We are now going to prove (1.4) for fACbðEÞ: Let En :¼ spnfx1;y; xng; pn :
E-En is the orthogonal projection, nX1: For fACbðEÞ and nX1; there exists
gnACbðRnÞ such that
fn :¼ f 3pn ¼ gnð/x1; S;y;/xn; SÞ:
Let fgnmgmX1CCN0 ðRnÞ be uniformly bounded such that gnm-gn point-wisely as
m-N: By (1.4) for fnm :¼ gnmð/x1; S;y;/xn; SÞ and using the dominated
convergence theorem, we obtain
jPt fnðxÞj2 ¼ lim
m-N
jPt fnmðxÞj2p lim
m-N
Ptj fnmj2ðyÞ
n o
Fðx; yÞ ¼ ½Ptj fnj2ðyÞFðx; yÞ;
where Fðx; yÞ :¼ exp rðx;yÞ2R t
0
h1ðsÞ1ds
 
: Since fACbðEÞ and pnx-x as n-N for any xAE;
using the dominated convergence theorem once again, we prove (1.4) for fACbðEÞ:
If M ¼ 0; then L is a second-order differential operator, hence (1.5) follows by
repeating the above argument with
fðsÞ :¼ log PðeÞtsðPðeÞs f þ eÞpðxsÞ
and using the chain rule. &
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Proof of Corollary 1.2. (1) By Theorem 1.1 and the proof of Lemma 2.2, it sufﬁces to
prove that Pt is strong Feller. Let m1t and m
2
t be probability measures with Fourier
transforms
#m1t ðxÞ :¼ exp
Z t
0
i/Ts x; aS
1
2
/Ts x; RT

s xS
 
ds
 
;
#m2t ðxÞ :¼ exp
Z t
0
ds
Z
E
ei/T

s x;xS  1 i/T

s x; xS
1þ jjxjj2
 !
MðdxÞ
" #
:
Let P1t be the generalized Mehler semigroup determined by Tt and m
1
t : If (1.6)
holds then according to [28] (see also [11]) P1t is strong Feller. For any fABbðEÞ;
let
ftðxÞ :¼
Z
E
f ðx þ zÞm2t ðdzÞ; xAE:
One has ftABbðEÞ and
Pt f ðxÞ ¼
Z
EE
f ðTtx þ y þ zÞm1t ðdyÞm2t ðdzÞ ¼ P1t ftðxÞ;
so, Pt is strong Feller, too. In particular, Ptðx; dyÞ has a density ptðx; yÞ w.r.t. m for all
xAsupp m:
(2) Since TtR
1=2E is dense in E for some t40; to prove supp m ¼ E by [3,
Proposition 2.7] it sufﬁces to check that m3y1x is absolutely continuous w.r.t. m for all
xATtR1=2E: Let x ¼ TtR1=2x0: It follows from (1.4) that for any AABðEÞ with
mðAÞ ¼ 0; one has for Fðx; yÞ :¼ exp½rðx; yÞ= R t0 h1ðsÞ1ds thatZ
E
ðPt1AÞ2ðR1=2x0 þ yÞFðR1=2x0 þ y; yÞ1mðdyÞpmðPt1AÞ ¼ mðAÞ ¼ 0:
But FðR1=2x0 þ y; yÞ140 since R1=2x0 þ y  yAR1=2E; so ðPt1AÞ3yR1=2x0 ¼ 0 m-a.e.
Thus,
m3y1x ðAÞ ¼ mðPtð1A3yxÞÞ ¼ mððPt1AÞ3yR1=2x0 Þ ¼ 0:
This means that m3y1x is absolutely continuous w.r.t. m: Therefore, suppm ¼ E:
Let m1 and m2 be two invariant probability measures of Pt; then they have full
support. Now it is easy to see that they are equivalent. Indeed, if e.g. m1ðBÞ ¼ 0 then
m1ðPt1BÞ ¼ 0: But Pt1B is continuous and m1 has full support, then Pt1B  0 so that
m2ðBÞ ¼ m2ðPt1BÞ ¼ 0: Let m2 ¼ cm1 and m :¼ 12ðm1 þ m2Þ: We have m2 ¼ 2c1þc m ¼: fm:
Then Ptf ¼ f; where Pt is the adjoint of Pt in L2ðmÞ: Since Pt is sub-Markovian, for
any c40 one has
Pt ðc  fÞþXðc  PtfÞþ ¼ ðc  fÞþ:
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Since mðPt ðc  fÞþÞ ¼ mððc  fÞþÞ; it follows that Pt ðc  fÞþ ¼ ðc  fÞþ m-a.e.
Thus, if mððc  fÞþÞ40 then ðcfÞþ
mððcfÞþÞ m is an invariant probability measure for Pt
and hence is equivalent to m as explained above. Therefore ðc  fÞþ40 m-a.e. This
means that for any c40 with mðfocÞ40; one has mðfocÞ ¼ 1: Hence f has to be
constant, i.e. m1 ¼ m2: &
Proof of Theorem 1.3. Let P
ðeÞ
t be as in the proof of Theorem 1.1, where eAð0; 1Þ: We
have P
ðeÞ
t WCW for any tX0: Since ðH3Þ holds, by Lemma 2.1 one has (with h1 :¼ 0
if R ¼ 0)
/RDPðeÞt f ; DP
ðeÞ
t fSph1ðtÞPðeÞt /RDf ; DfS; fAW ; tX0: ð2:6Þ
To obtain the Poincare´ inequality, we adopt a trick due to Bakry–Ledoux [6]. For
fðsÞ :¼ PðeÞtsðPðeÞs f Þ2; it follows from (1.9) and (2.6) that
d
ds
fðsÞ ¼  PðeÞtsGðPðeÞs f ; PðeÞs f Þ
X  h1ðsÞPðeÞt /RDf ; DfS
 PðeÞts
Z
E
½PðeÞs f ðxÞ  PðeÞs f ðx þ yÞ2MeðdyÞ
 
; sA½0; t:
Then
P
ðeÞ
t f
2  ðPðeÞt f Þ2p
Z t
0
h1ðsÞds
 
P
ðeÞ
t /RDf ; DfS
þ
Z t
0
P
ðeÞ
ts
Z
E
½PðeÞs f ðxÞ  PðeÞs f ðx þ yÞ2MeðdyÞ
 
ds; fAW :
Thus, it follows from (2.2) that
P
ðeÞ
t f
2  ðPðeÞt f Þ2pCðtÞPðeÞt GðeÞð f ; f Þ; fAW ; t40; ð2:7Þ
where
GðeÞð f ; f Þ :¼ /RDf ; DfSþ
Z
E
½ f ðÞ  f ð þ yÞ2MeðdyÞ:
Letting ek0 we prove (1.10).
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If M ¼ 0 then for fAW and e40; let fðsÞ :¼ PðeÞtsfðPðeÞs f 2 þ eÞ logðPðeÞs f 2 þ eÞg:
One obtains
d
ds
fðsÞ ¼  PðeÞts
/RDðPðeÞs f 2Þ; DðPðeÞs f 2ÞS
2ðPðeÞs f 2 þ eÞ
X  1
2
P
ðeÞ
ts
h1ðsÞðPðeÞs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/RDf 2; Df 2S
p
Þ2
P
ðeÞ
s f 2 þ e
X 2h1ðsÞPðeÞt Gð f ; f Þ; sA½0; t:
This implies (1.11) by ﬁrst integrating over s from 0 to t and then letting ek0: &
Proof of Corollary 1.4. Since the assumptions imply that Pt f-mð f Þ as t-N for
any fACbðEÞ; the Poincare´ and log-Sobolev inequalities in (1) immediately follow
from Theorem 1.3. Let a
ðeÞ
N and M
ðeÞ
N be given in ðH10Þ (iii) and (iv) with M replaced
by Me; and let l
ðeÞ
N be deﬁned by (1.3) for a
ðeÞ
N; RN and M
ðeÞ
N replacing a; R and M;
respectively. Then P
ðeÞ
t has a unique invariant probability measure mðeÞ with
characteristic function #mðeÞðxÞ :¼ elðeÞNðxÞ: It is clear that #mðeÞðxÞ- #mðxÞ for all xAE
and hence mðeÞ-m weakly as e-0: By letting t-N in (2.7), we obtain
mðeÞð f 2Þ  mðeÞð f Þ2pCðNÞmðeÞðGðeÞð f ; f ÞÞ; fAW :
Since, according to [20], P
ðeÞ
t WCWCDðLðeÞÞ; where LðeÞ is the generator of PðeÞt in
L2ðmðeÞÞ; this Poincare´ inequality implies that
mðeÞððPðeÞt f  mðeÞð f ÞÞ2ÞpmðeÞðð f  mðeÞð f ÞÞ2Þe2t=CðNÞ
for all t40 and all fAW : Letting e-0 we prove (1.12) for all fAW and hence for all
fAL2ðmÞ since W is dense in L2ðmÞ:
So, let us prove (2). Since eto1; according to [10,13] we have jjPtjjp-qp1 for any
p41 and q ¼ 1þ ð p  1Þe1t : By (1.11) and Proposition 2.3 below, we arrive at
mð f 2 log f 2Þp 2p
1 et
Z t
0
hðsÞ ds
 
mðGð f ; f ÞÞ; fAW ; mð f 2Þ ¼ 1:
The proof is then ﬁnished by letting p-1:
Finally, by Corollary 1.2 if (1.6) holds then Ptðx; dyÞ has a density w.r.t. m for
any t40; xAsupp m: Therefore, Pt is compact in LpðmÞ for any t40 according to
[27, Theorem 2.3] (see also [15,26]). Hence the essential spectrum of L in LpðmÞ is
empty, see e.g. [18, Theorem 6.29]. &
Proposition 2.3. If there exist t40; 1opoqoN and C1; C240 such that
jjPtjjp-qpC1 and
Ptð f 2 log f 2ÞpC2PtGð f ; f Þ þ Pt f 2 log Pt f 2; fAW ; ð2:8Þ
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then
mð f 2 log f 2ÞpC2pðq  1Þ
q  p mðGð f ; f ÞÞ þ
pq
q  p log C1; fAW ; mð f
2Þ ¼ 1: ð2:9Þ
Proof. The proof is essentially taken from [23]. Since m is an invariant measure, (2.8)
yields
mð f 2 log f 2ÞpC2mðGð f ; f ÞÞ þ mðPt f 2 log Pt f 2Þ: ð2:10Þ
For any sAð0; ð p  1Þ=pÞ; let r :¼ ps
p1; ps :¼ 11s; qs :¼ 11ds; d :¼ pðq1Þð p1Þq: Then
rAð0; 1Þ and
1
ps
¼ 1 r þ r
p
;
1
qs
¼ 1 r þ r
q
:
So, by the Riesz–Thorin interpolation theorem,
jjPtjjps-qspCr1 ¼ C
ps=ð p1Þ
1 :
Therefore, for any fX0 with mð f 2Þ ¼ 1;
Z
ðPt f 2ð1sÞÞqs dmpjjPtjjqsps-qspC
ps=ð p1Þð1dsÞ
1 : ð2:11Þ
Noting that for s ¼ 0 all three quantities in (2.11) are equal to 1, we obtain
dmðPt f 2 log Pt f 2Þ  mð f 2 log f 2Þ ¼ d
ds
mððPt f 2ð1sÞÞqsÞ

s¼0
p p
p  1 log C1:
Combining this with (2.10), we prove (2.9). &
Remark. According to an example due to Fuhrman [13] that for the non-symmetric
case the hypercontractivity and the log-Sobolev inequality are no longer equivalent.
Consider, for instance, E ¼ Rn: Let M ¼ 0 and R and Tt be such that det R ¼ 0 but
det Rt40 for t40; and jjR1=2N TtR1=2N jjo1 for some t40: According to [10,13] Pt is
hypercontractive. Let 0axARn be such that Rx ¼ 0: Taking f ðxÞ ¼
Fð/x; xSÞ; FASðRm;RÞ; then /Rrf ;rfS ¼ 0: Since f is not constant, and m is
a normal distribution, there is no Poincare´ inequality. Therefore condition (2.8) in
Proposition 2.3 cannot be dropped. On the other hand, the log-Sobolev inequality
implies the hyperboundedness as soon as m is an invariant measure of Pt; see
[26, Corollary 2.1].
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Proof of Theorem 1.5. For any bounded, nonnegative measurable f ; we have
Pt f ðxÞ ¼
Z
f ðTtx þ zÞmtðdzÞ ¼
Z
f ðTty þ zÞmt3y1TtðxyÞðdzÞ
p
Z
f ðTty þ zÞZtðx  y; zÞmtðdzÞ
p ½Pt f pðyÞ1=pFt;p0 ðx  yÞ:
This proves (1.14).
Next, let f be such that mðj f jpÞ ¼ 1; by (1.14) we have
jPt f ðxÞjp
Z
Ft;p0 ðx  yÞpmðdyÞp1:
Then (1.16) follows from (1.15) immediately. &
Proof of Proposition 1.6. By (1.14), for any f with jj f jjp ¼ 1; we have
jPt f ðxÞjpp 1R Ft;p0 ðx  yÞpmðdyÞ:
If Cðt; p0; 0ÞoN; then F :¼ fPt f : jj f jjpp1g is uniformly integrable in LpðmÞ:
Moreover, by Lemma 2.2 Pt has density w.r.t. m; hence as shown in the proof of
Corollary 1.4 it follows that Ps is compact in L
pðmÞ for s4t: &
3. Examples
We ﬁrst present an example to illustrate Theorem 1.1 and Corollary 1.4.
Example 3.1. Let a and R be arbitrary as in (1.3) and let Tt ¼ ebtI for some b40:
(1) If M is such that ðH10Þ (iii), (iv) hold, i.e.Z N
0
dt
Z
E
½14ðjjxjj2e2btÞMðdxÞoN
Z N
0
dt
Z
E
ebtx
1
1þ e2btjjxjj2 
1
1þ jjxjj2
 !
MðdxÞAE exits:
Then (1.4) holds for h1ðtÞ :¼ ebt:
(2) Let PðdxÞ be a finite measure on S1 :¼ fxAE : jjxjj ¼ 1g and let rAð0; 1Þ: Write
x :¼ ðx; sÞ if x ¼ sx; s40: Define M by
MðdxÞ :¼ 1ð0;NÞðsÞsð1þrÞPðdxÞ ds:
ARTICLE IN PRESS
M. R .ockner, F.-Y. Wang / Journal of Functional Analysis 203 (2003) 237–261252
Then ðH4Þ holds for h2ðtÞ ¼ erbt: Hence ðH10Þ is satisfied and the following Poincare´
inequality holds
mð f 2Þ  mð f Þ2p 1
rb
mðGð f ; f ÞÞ; fAW : ð3:1Þ
(3) Let M ¼ 0; then
mð f 2 log f 2ÞpCmðGð f ; f ÞÞ; fAW ; mð f 2Þ ¼ 1: ð3:2Þ
holds for C ¼ 2=b:
Proof. Since Ttx-0 as t-N; ðH10Þ holds. ðH2Þ is trivial since E is separable and
each xAE is an eigenvector of Tt: Therefore, Theorem 1.1 applies and hence (1)
follows. Next, (3) follows directly from Corollary 1.4. Finally, it is easy to see that M
given in (2) is a Levy measure satisfying ðH10Þ (iii), (iv), and for any AABðEÞ
M3T1t ðAÞ ¼
Z
S1
PðdxÞ
Z N
0
1ebtAðsxÞsð1þrÞds
¼
Z
S1
PðdxÞ
Z N
0
erbt1AðsxÞsð1þrÞds ¼ erbtMðAÞ:
Hence ðH4Þ holds for h2ðtÞ ¼ erbt: Thus, the Poincare´ inequality follows from
Corollary 1.4. &
In the next example Pt is given by a Gaussian part and an a-stable jump part. We
show that this semigroup possesses the Poincare´ inequality but is not hyperbounded.
Example 3.2. Let E ¼ Rn; Ttx ¼ etbx and lðxÞ ¼ jjxjja þ djjxjj2; where
b40; dX0; aAð0; 2Þ are constants. Then:
(1) For any t40; there exists CðtÞ40 such that
jPs f ðxÞjpPsj f jðyÞCðtÞð1þ eðnþaÞsjjx  yjjnþaÞ; s4t:
(2) For any t40 and any 1opoqoN; jjPtjjp-q ¼N:
(3) The Poincare´ inequality (3.1) holds with r replaced by 14a: If d ¼ 0 then it holds
with r replaced by a:
Proof. Obviously,
#mtðxÞ ¼ exp  1ab ð1 e
abtÞjjxjja  d
2b
ð1 e2btÞjjxjj2
 
:
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By Theorem 3.1 in [14], the unique invariant measure m is determined by
#mðxÞ ¼ exp  1
ab
jjxjja  d
2b
jjxjj2
 
:
Let t40 be ﬁxed and n1; n2 two probability measures with
#n1ðxÞ ¼ exp  jjxjj
a
ab
ð1 eabtÞ
 
; #n2ðxÞ ¼ exp  d
2b
jjxjj2ð1 e2btÞ
 
:
Then mt ¼ n1  n2: Let r1ðxÞ ¼ dn1dx : Since n1 is a-stable, we have (see [7])
1
C1ð1þ jjxjjnþaÞ
pr1ðxÞp
C1
1þ jjxjjnþa
for some C141 and any xARn: Since n2 is a normal distribution for d40 and a Dirac
measure for d ¼ 0; it is easy to check that
1
C2ð1þ jjxjjnþaÞ
pZtðxÞ :¼
dmt
dx
p C2
1þ jjxjjnþa: ð3:3Þ
for all x and some constant C241: Therefore, there exists C341 such that
sup
z
jZtðx; zÞjpC3ð1þ jjxjjnþaÞ:
Obviously, C3 ¼ C3ðtÞ can be taken such that CðtÞ :¼ supsXt C3ðsÞoN: Hence the
ﬁrst assertion follows from Theorem 1.5.
Next, it is well-known that for the present l one has MðdxÞ ¼ cða; nÞjjxjjðnþaÞdx
for some constant cða; nÞ40: Then ðH4Þ holds for h2ðtÞ ¼ ebat; and hence the
desired Poincare´ inequality follows from Corollary 1.4.
Finally, let us ﬁx t40 and 1opoqoN: Take eAða=q; a=pÞ and put f ðxÞ ¼ jjxjje:
It is easy to see that jj f jjpoN since the same type of estimate in (3.3) holds for
ZðxÞ :¼ dm
dx
: But by (3.3),
Pt f ðxÞ ¼
Z
jjetbx þ yjjeZtðyÞdyX
1
C2
Z jjetbx þ yjje
1þ jjyjjnþa dy
X
1
2C2
Z
fjjyjjp1g
jetbjjxjj  jjyjjjedyXC4jjxjje  C5
for some C4; C540 and all xARn: Therefore, there exists C640 such that
mð½Pt f qÞX
Z
fjjxjje4C5=C4g
C6ðC4jjxjje  C5Þq
1þ jjxjjnþa dx ¼N
since eq4a: This means that jjPtjjp-q ¼N: &
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We now intend to construct a non-Gaussian generalized Mehler semigroup which
is hyperbounded in L1 and hence in Lp for all pX1: Although the semigroup below
looks like a perturbation of a symmetric Gaussian generalized Mehler semigroup,
the L1-hyperboundedness can not be obtained by perturbation arguments. The
reason is that the Gaussian generalized Mehler semigroup itself is not L1-
hyperbounded w.r.t. its invariant measure. Indeed, for a symmetric semigroup the
L1-hyperboundedness is equivalent to the ultracontractivity: the boundedness from
L1 to LN: But the Gaussian generalized Mehler semigroup is not ultracontractive.
Example 3.3. Let E ¼ Rn: Consider Ttx ¼ etbx and lðxÞ ¼ djjxjj2 þ 2b
Pn
i¼1
x2i
1þx2i
;
b; d40: Then ðTt; lÞ determines a generalized Mehler semigroup Pt satisfying
jPt f ðxÞjpPtj f jðyÞð1 e2btÞðnþ1Þ=2 exp½C þ 2ðn  1Þbt þ etbjx  yj1 ð3:4Þ
for all fABbðRnÞ and some C ¼ Cðn; d; bÞ40; where jxj1 :¼
P
i jxij: Hence
jjptðx; ÞjjNpð1 e2btÞn=2exp½C þ ebtjxj1; t40; xARn: ð3:5Þ
Consequently, jjPtjjp-pð1þeÞoN for any pX1; t40 and eAð0; etb  1Þ: Therefore, Pt is
compact in LpðmÞ and the Lp-essential spectrum of L is empty for any t40 and pX1:
Moreover, if d ¼ 0 then Pt is not uniformly integrable in LpðmÞ for any pA½1;NÞ and
any t40; hence is not hyperbounded.
Proof. Obviously, fiðxÞ :¼ 11þx2i is positive deﬁnite since it is the characteristic
function of ð1
2
ejxi jdxiÞ  ðd0Þn1; where d0 denotes the Dirac measure at 0 on R:
Then
x2i
1þx2i
¼ 1 fiðxÞ is negative deﬁnite for all i; and hence so is lðxÞ: We have
#mtðxÞ :¼ exp 
Z t
0
lðebsxÞds
 
¼ exp  ð1 e
2btÞdjjxjj2
2b
" #Yn
i¼1
1þ e2btx2i
1þ x2i
¼ exp  ð1 e
2btÞdjjxjj2
2b
" #Yn
i¼1
e2bt þ 1 e
2bt
1þ x2i
 !
¼ exp  ð1 e
2btÞdjjxjj2
2b
" #
e2nbt þ
Xn
k¼1
Xn
i1;y;ik¼1
e2ðnkÞbtð1 e2btÞk
ð1þ x2i1Þ?ð1þ x2ikÞ
( )
:
Let
#mðxÞ :¼ lim
t-N
#mtðxÞ ¼ exp½djjxjj
2=2b
ð1þ x21Þ?ð1þ x2nÞ
;
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then m is the unique invariant measure of Pt: Let
c1ðrÞ ¼
ﬃﬃﬃ
b
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pdð1 e2btÞ
p exp  br2
2dð1 e2btÞ
 
; c2ðrÞ ¼
1
2
ejrj; rAR:
We have
ZtðxÞ :¼
dmt
dx
¼ 1ð2pÞn
Z
Rn
ei/x;xS #mtðxÞdx ¼ e2nbt
Yn
i¼1
c1ðxiÞ
þ
Xn
k¼1
e2ðnkÞbtð1 e2btÞk

Xn
i1;y;ik¼1
Yk
j¼1
ðc1  c2Þðxij Þ
" # Y
iai1;y;ik
c1ðxiÞ:
Noting that
 br
2
2dð1 e2btÞp r þ
dð1 e2btÞ
2b
p r þ d
2b
;
we conclude that there exists C1 ¼ C1ðn; d; bÞ40 such that
e2ðn1Þbt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2bt
p
ejxj1C1pZtðxÞpð1 e2btÞn=2ejxj1þC1 : ð3:6Þ
Moreover, there is C ¼ Cðn; d; bÞ40 such that ejxj1CpZðxÞ :¼ dm
dx
pejxj1þC : Thus,
(3.5) follows. Furthermore, (3.6) yields that
Ztðx; zÞ :¼
Ztðz  TtxÞ
ZtðzÞ
pð1 e2btÞðnþ1Þ=2 exp½ebtjxj1 þ 2C1 þ 2ðn  1Þbt; x; zARn:
This implies (3.4) by Theorem 1.5.
Next, there exist C2; C3; C440 depending also on t such thatZ
Rn
mðdyÞ
Ft;Nðx  yÞXC2e
2C1
Z
exp½etbjx  yj1mðdyÞ
XC3
Z
Rn
exp½etbjx  yj1  jyj1dyXC4 exp½etbjxj1:
Therefore,
Cðt;N; eÞpCð1þeÞ4
Z
Rn
exp½ð1þ eÞetbjxj1mðdxÞoN
whenever ð1þ eÞetbo1: Then it follows from Theorem 1.5 that
jjPtjj1-1þeoN; eoetb  1: ð3:7Þ
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For any p41; let q ¼ ð1þ eÞp for eoetb  1: Let r ¼ 1=p; p0 ¼ q0 ¼N; p1 ¼
1; q1 ¼ 1þ e: Then
1
p
¼ r
p1
þ 1 r
p0
;
1
q
¼ r
q1
þ 1 r
q0
:
Thus, jjPtjjp-pð1þeÞoN for any pX1; t40 and any eAð0; etb  1Þ according to (3.7),
the Riesz–Thorin interpolation theorem and Lemma 2.2.
Finally, if d ¼ 0 then
mt ¼ e2nbtðd0Þn þ cðb; tÞm;
where
cðb; tÞ :¼
Xn
k¼1
Xn
i1;y;ik¼1
e2ðnkÞbtð1 e2btÞk
ð1þ x2i1Þ?ð1þ x2ikÞ
;
mðdxÞ :¼ 2n
Yn
i¼1
exp 
Xn
i¼1
jxij
" #
dxi:
Thus, for fX0 one has
Pt f ðxÞXe2nbt f ðebtxÞ ¼: P˜t f ðxÞ:
The proof is then ﬁnished by noting that P˜t is not uniformly integrable in L
pðmÞ for
any pA½1;NÞ and any t40: &
Finally, to see that the log-Sobolev constants given in Corollary 1.4 can be sharp,
let Ttx ¼ et=2x: We have h1ðtÞ ¼ et ¼ et: Then each of (1) and (2) in Corollary 1.4
implies (3.2) for C ¼ 2: This constant is sharp as is well known for the standard
Ornstein–Uhlenbeck process.
We remark that one may also prove the log-Sobolev inequality by using a
curvature condition. Let A be the generator of Tt; then Pt is generated by
Lf ðxÞ :¼ 1
2
TrðRD2 f ðxÞÞ þ/Df ðxÞ; AxS:
One deﬁnes the curvature operator by
G2ð f ; f Þ :¼ 1
2
LGð f ; f Þ  Gð f ; Lf Þ;
where Gð f ; gÞ :¼ /RDf ; DfS: We say that the curvature of L has lower bound
KAR; if
G2ð f ; f ÞXKGð f ; f Þ ð3:8Þ
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for all fAA; where A is a core of L; stable by L and Pt and by the action of
composition with CN real functions which are zero at zero. According to [6], (3.8) is
equivalent to (2.1) with h1ðtÞ replaced by e2Kt; therefore we prove (3.2) for
C :¼ 2
Z N
0
e2Ktdt ¼ 1
K30: ð3:9Þ
Intuitively, if h1ðtÞ is not an exponential function, then Corollary 1.4 could provide a
sharper constant than (3.9). To see this, we present a simple example below, in which
we get a better constant (but we do not know the best).
Example 3.4. Consider E ¼ R2; R ¼ I ; Ttx ¼ ðetx1 þ ctetx2; etx2Þ; cX0: Then
Corollary 1.4 (1) implies (3.2) for C ¼ 1þ cþc2
2
; while (3.9) gives C ¼ 2ð2cÞþ which is
larger than 1þ c
2
for c41:
Proof. We note that Tt is a semigroup since
TtTsx ¼ ðetðesx1 þ csesx2Þ þ ctetesx2; eðsþtÞx2Þ ¼ Tsþtx:
Obviously,
jjTtxjj2 ¼ e2t½ðx1 þ ctx2Þ2 þ x22pe2tð1þ ct þ c2t2Þjjxjj2:
Then Corollary 1.4 (1) implies (3.2) for
C :¼ 2
Z N
0
e2tð1þ ct þ c2t2Þdt ¼ 1þ c þ c
2
2
:
On the other hand, we have
L ¼ 1
2
D ðx1  cx2Þ @
@x1
 x2 @
@x2
:¼ 1
2
Dþ X :
By the Bochner formula, (3.8) is equivalent to
/rY X ; YSXK jjY jj2; Y :¼ y1 @
@x1
þ y2 @
@x2
; yAR2:
Noting that /rY X ; YS ¼ ðy1  cy2Þy1 þ y22; we see that the best choice of K is
1 c2: So, the proof is completed. &
4. A generalized Mehler semigroup associated with the Dirichlet heat semigroup
We consider the following model discussed in [21] stimulated by the study of
stochastic heat equations. Consider E :¼ L2ðð0; 1Þ; dxÞ and let Tt be the Dirichlet
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heat semigroup of D on ð0; 1Þ: Let
lðxÞ :¼ jjxjj2 þ jjxjja; xAE;
where aAð0; 2Þ is ﬁxed. Let mt be deﬁned through its Fourier transform
#mtðxÞ :¼ exp 
Z t
0
ðjjTsxjj2 þ jjTsxjjaÞds
 
: ð4:1Þ
It was shown in [21] that #mt is Sazonov continuous for all t40; so mt indeed exists as a
probability measure on ðE;BðEÞÞ: Furthermore, it was shown in [21] that the
generalized Mehler semigroup Pt determined by l and Tt has an invariant
probability measure m :¼ mN: Let fxng be the set of unit eigenfunctions of the
Dirichlet Laplacian on ð0; 1Þ; i.e. we have Dxn ¼ np2xn; nX1:
Observing that the above l is indeed not Sazonov continuous, we use ﬁnite-
dimensional approximations to apply our results. For nX1; let En :¼
span fx1;y; xng: Let pn : E-En be the natural projection.
Theorem 4.1. Let Pt be determined by l and Tt above. Then
½Pt f ðxÞ2p½Pt f 2ðyÞexp p
2jjx  yjj2
ep
2t  1
" #
; fACbðEÞ; t40; x; yAE: ð4:2Þ
Next, for any t40 and any 1opoqoN; one has jjPtjjp-q ¼N:
Proof. Let mnt denote the projection of mt on En: Since fxngnX1 are eigenvectors of Tt;
one has TtEn ¼ En for any tX0; nX1: Let fACbðEÞ with f ¼ f 3pn; one has, for all
xAE
Pt f ðxÞ ¼
Z
E
f ðTtx þ yÞmtðdyÞ ¼
Z
En
f ðTtpnx þ yÞmnt ðdyÞ ¼: PðnÞt f ðpnxÞ:
Since jjTtjjpep2t; tX0; it follows from Theorem 1.1 (with E; Pt replaced by En; PðnÞt
respectively) that
½Pt f ðxÞ2 ¼ðPðnÞt f ðpnxÞÞ2p½PðnÞt f 2ðpnyÞ exp
p2jjpnðx  yÞjj2
ep
2t  1
" #
p ½Pt f 2ðyÞ exp p
2jjx  yjj2
ep
2t  1
" #
; x; yAE; t40:
Thus, (4.2) holds. For general fACbðEÞ; ﬁrst applying (4.2) to fn :¼ f 3pn then letting
n-N; we prove (4.2).
To see that Pt is not hyperbounded, let t40 and 1opoqoN be ﬁxed. Since for f
with f ¼ f 3p1 one has Pt f ¼ ðPð1Þt f Þ3p1; we have jjPtjjp-qXjjPð1Þt jjLpðmð1ÞÞ-Lqðmð1ÞÞ;
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where mð1Þ stands for the projection of m on E1: But according to Example 3.2 (2)
with n ¼ 1; we have jjPð1Þt jjLpðmð1ÞÞ-Lqðmð1ÞÞ ¼N: &
We note that the question whether the Poincare´ inequality holds for this model, is
still open.
Remark. Let us indicate the connection of Theorems 4.1 and 1.1. We can ‘‘make’’ l
Sazonov continuous by extending it to a larger space E1 such that ECE1 is Hilbert–
Schmidt. This produces in a standard way a positive deﬁnite trace class operator R
on E1 such that E ¼ R1=2E1; so E takes the role of H0 and E1 the role of E above.
Then the Levy process corresponding to l lives on E1; but its invariant measure m on
H0: We refer to [21] for more details. So, one can apply Theorem 1.1 to prove
Theorem 4.1. But since the latter is a purely analytic theorem about Pt on E; we
preferred to present the above proof which is shorter and relies on easy ﬁnite
dimensional approximations, instead of introducing the artiﬁcial space E1:
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